
Symmetric Functions and YoungTableaux PtZ

Recall : A partition x = (x1 , xz , ... Xe) of n can be identified
->weakly inc.with a Young Diagram

s Semi-standard

Young Tableaux
ISSIt)

Def : If UX as Young Diagrams then the corresponding
skew shape is Ne := boxes -Ibex and betin(diagram)

E : x= (3 ,3 ,2 , 1)
,
M = 12

, 2 . 1)

#u=t
&ef : A SSYT of Shape Ne is a filling of Ne

such that the rows are weakly increasing and the columns

are strictly increasing.

non ex:& : Xi as above.

#F
Recall : Schor polynomials

For 4th
,

Sx(X .....X = [XWEC) -&&
TESSYT(X) TESSTE/X)

skew schor polynomine defined similarly



Since the SX's form a basis for the ring of symmetric polynomials,

we want to understand the structure constants

⑪
v

SxSu= Su

Theorem /Littlewood-Richarson Rule) (1934)

~

Cxu = # [TEssit(Y) weightI such that3
↑ is reverse latticethe reading word ofT

~

Littlewood- Richardson Coefficient)"

Fil
reading word= recentries bottom to for

left to right.

1312/

reverse lattice : each subword reading right to left
has at least as many i'd as it's

13121 is reverse lattice -

Example v =M,3, 1) X = (2
, 1) .

M = (3 ,2)

sitn):ill"
reading

I
2121) 11212 12211word

Vreverte -X

kotice

= CY = 2



History of Littlewood- Richardson Rule

1937 : Littlewood & Richardon . Wrong proof and example

1938 : Robinson . Wrong proof.

1974 or78? Thomas proves it through RSK

1977 : Schitzenberger proves it through jeu de taquin

" (any more proofs)

Wikipedia





"teasing game" 2Jeu de taquin (French
name for the 15 puzzle

~

Goal : Turn a skew shape SSYT into a SSYT by "Sliding" boxes.

Rule : => E if be a

E if a < b

Definition
↓
empty box with entries

to the right & below.

Let x be an inner corner of TESSYT(Mr)

A jendetaquin (jdt) Slide for X is atableauT

of Shape X-Some outer corners/u-EX3 obtained by

sliding X until it becomes an outer corner.

no box to the right or below -

ex

-
-> ->= jat(t)



Theorem Fix a standard Young tablean P of Shape 21

C* = # [ += sit(Yx) /jdeCT) = PY

Example v = 16 :% ,2 , 1) x = 13
.2)
, m = Mis , 1)

Po

ipo
in

:
1

:
jdt (Ti) =jat(t) = jdt(Tz) = P

=> (n = 3

S
#



Representation Theory

· irreducible polynomist representations of GLuCK)

are indexed by partitions Xth.

· Denote these irreducible reps by VA

· Last time: X(V*) = Sx
-

· R = < [V /] (xth) representation rigof GLnCQ).

multiplication: [V] TW] = Vow

Theorem : The map Ch: R-+ 1/X . . . . . Xn]

[VNTH Sx(X....Xu

is an alsebra homomorphism-

ch(row) = ch()-ch(w]

ch(VOw) = ch(vl + ahN)Covollay

* V V= (UV)

1.e. the LR coefficients give the multiplicities of the

irreducible reps VV appearing in the decomposition

of the tensor product of two irrups of Glu

St . Sa=& Cin Su

↑ ↳
OV=


